In this paper we are going to investigate the connections between the gaps of power series with the distribution of the roots of their partial sums. Let (1) f(x) = 1 + aix + . . . + anxn + . . . be a power series with the radius of convergence 1 . We say that it has Ostrowski gaps p if there exists a p<1 and a pair of infinite sequences mk and nk, with mk <nk and lira nk/mk> 1, such that I a" I < pn for mk _<_ n < nk . It has infinite Ostrowski gaps p (p < 1) if to every p'> p there corresponds a pair of infinite sequences Ink and nk (depending on p') with mk <nk and lim nk/mk= oo such that I an I < p' n for Mk < n < nk . We denote by A (n, r) the number of roots of f(x) = 1 + a1x + + an xn within the circle of radius r.
It is well known that every overconvergent power series has Ostrowski gaps, and that every power series with Ostrowski gaps is overconvergent in a domain of which every regular point of the circle of convergence is an interior point.
We are going to prove the following theorems :
THEOREM I . A necessary and sufficient condition that a power series have Ostrowski gaps is that there exist an r > 1, such that A(n, r) (2) lim inf < 1 .
n=-n THEOREM II . A necessary and sufficient condition that a power series have infinite Ostrowski gaps p is that A (n, r) 1 (3) lim inf = 0 for all r < -n=ao n P Theorem I is not new . It has been proved by Bourion( 2), but his proof is quite different from ours . The proof of Theorem I will be based on the following lemma, which seems interesting in itself . 
has at least c(n-m+1) roots outside the circle of radius r .
Proof . Without loss of generality we can assume m > n/2 . Since the product of the moduli of the roots of our equation is I 1/a n I >_ p n, at least one of the roots exceeds r . Therefore N/(n-m+1) >0, where N denotes the number of roots outside the circle of radius r . If the lemma were false there would exist a sequence of polynomials (5) (here and in the future we shall omit the index v where there is no danger of confusion) in which I a k I < pk, for m <_ k < n, and such that
(c=c v , N=Nv , and so on, v-* ) .
We are going to show that these assumptions lead to a contradiction . We choose
We write the polynomials (5) in the following form
where yi denotes the roots for which I yiI <_r, zi the roots for which r < zi < 2D D = knl(n-.+l), and ui the roots for which 2D <ui . Further we denote by l, s, t the number of roots yi, zi, ui respectively . From (6) we have s+t lim = 0 ; hence n-m+1
From the definition of the z's it follows that r8 < I Z(0) < 2sDs or r s/n < I Z(0) I1/n <2 slnD sln .
Hence from (9) (10) lim I Z(0) I 1/n = 1 (v -~00 ) .
From
If x is any point within the circle of radius D we obtain from the definition of the ui's that
Hence from (9) x<"
The index of the largest coefficient is clearly less than m (since p < 1) . Now we estimate B v. Let co be the point on the unit circle where I f ,(x) I assumes its maximum . It follows from Cauchy's formula that From (11) and (12) 
I Y(O) I
From (13) and (18) it follows that
for sufficiently large v and arbitrarily small positive c-. Hence we obtain from I yi I <_ r, (9), the definition of D, m > n/2, and (7) 1 -m(1 + r)t(1 + E) n + (n -m + 1)pn .ya lin
for every 71 if e is sufficiently small and v sufficiently large . This contradiction establishes the lemma . Proof of Theorem I. First we show that (2) for sufficiently large k, where IJ'x,(n)I is the product of at least c'nk roots of fnk (x) . Thus we obtain an , < (r -E) -cnk .
Hence if we choose S such that (r-e) -c <p < 1, we can conclude that l an,l < pnk . Now we choose S such that 0 < 6 < p(r -E)°-1 .
By Stirling's formula it is easy to see that C,,,ln < (1 + b)n for sufficiently small 1 . Now for 1<_p<_ln and p<(1-c')n (p=pk,n=nk)
we obtain n f n (n) I a n , I :5 C n , P xi ti=1 i=1 where~l n) , , ~pn) are the roots with the greatest absolute values . Therefore we have 1-~S n I a,I < <pn<pn-P (r -E) which completes the proof of Theorem I .
For the proof of Theorem II we need the following lemma : Since I a t i < p` for m <t <n we obtain (28) Mn ( where q is arbitrarily small . From (27) and (24) and from (28) (Mn(r2))1/n G r2
for sufficiently large k . Hence
